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Abstract
For a fixed graph G, a maximal independent set is an independent set that is not a proper subset of any
other independent set. P. Erdős, and independently, J. W. Moon and L. Moser (Israel J. Math., 3 (1965):
23–28), and R. E. Miller and D. E. Muller (IBM Res. Rep., (1960): RC-240), determined the maximum
number of maximal independent sets in a graph on n vertices, as well as the extremal graphs. In this
paper we maximize the number of maximal independent sets of a fixed size for all graphs of order n and
determine the extremal graphs. Our result generalizes the classical result.
1 Introduction
Throughout this paper, we consider finite simple connected graphs. Let G = (V (G), E(G)) = (V,E) be
such a graph with vertex set V and edge set E. Below are some graph theory concepts and notation
needed in this paper. Readers are suggested to refer to [1], [2] or [13] for terminologies not specified here.
An independent set (or stable set) of G is a set of pairwise nonadjacent vertices. In order for a set
of vertices U ⊆ V to be a maximal independent set (abbr. MIS ) of G, we require the set U to (1) be
independent, and (2) have no strictly super independent set W such that U ⊆ W ⊆ V . The set of
neighbors of v ∈ V is denoted by N(v), or if necessary by NG(v). G
′ = (V ′, E′) is an induced subgraph
of G if V ′ ⊆ V and E′ consists of all edges uv ∈ E with u, v ∈ V ′. We usually write G′ := G[V ′].
A k-partite graph is a graph whose graph vertices can be partitioned into k disjoint sets so that no
two vertices within the same set are adjacent. A k-partite graph is said to be complete if every pair of
graph vertices in the k sets are adjacent. The Turán graph Tn,k is the complete k-partite graph with n
vertices whose partite sets differ in size by at most one [1]. We also define G1+G2 as the graph consisting
of the disjoint union of two graphs G1 and G2. The Turán graph Tn,k and the operation of disjoint union
will be useful in the extremal graph structure described in our main theorem (Theorem 1.1).
Given G, let it(G) be the number of independent sets of size t in G and let i(G) =
∑
t≥0 it(G) be
the total number of independent sets. While there have been many extremal results on i(G) and it(G)
over various families of graphs (see e.g. [4, 6, 5, 12, 16]), it makes sense to investigate parallel theories
on the MIS’s, the independent sets that are not covered by bigger ones. Let imaxt (G) be the number of




t (G) be the total number of maximal
independent sets. For arbitrary graphs G on n vertices, P. Erdős (see [3]), and independently, Moon and
Moser [11], and Miller and Muller [10] determined imax(G) as well as the extremal graphs.
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Nonetheless, studies on the number of maximal independent sets seem to be less adequate (see for
instance [3, 9, 8, 14, 15]).
The maximal independence polynomial is defined by [7]
Imax(G;x) :=
∑
U : U is an MIS of G
x|U|.
By definition, imaxt (G) = [x
t]Imax(G;x), where by usual convention [x
k]f(x) represents the coefficient of
xk in the polynomial or series f(x).
In this note we maximize imaxt (G) graphs G on n vertices.
Theorem 1.1 Assume n = qt+ r, where 0 ≤ r < t. For all graphs G on n vertices, we have
imaxt (G) ≤ q
t−r(q + 1)r. (1.1)
Furthermore, let H = (t − r)Kq + rKq+1, i.e. disjoint union of t cliques of the specified orders, then H
is the unique extremal graph.




3 and it implies the main theorem in
[11] which says that imax(G) ≤ 3
n
3 when 3 divides n. If n = 3k − 1, (1.1) gives that imaxk (G) ≤ 2 · 3
k−1.
If n = 3k+1, (1.1) gives that imaxk (G) ≤ 2
2 · 3k−1 and imaxk+1 (G) ≤ 2
2 · 3k−1. Each case above strengthens
a respective case of [11, Theorem 1]. (Note that the celebrated result of [11, Theorem 1] says that each
extremal graph actually has maximal independent sets of only one certain size.)
2 Proof
For convenience we work with the complementary graph, and count cliques instead of independent sets.
That is, we show that for all graphs G on n = qt+ r vertices, where 0 ≤ r < t, the number of t-maximal
cliques inG is no more than f(n, t) := qt−r(q+1)r. Furthermore, the Turán graph Tn,t = Kq,··· ,q,q+1,··· ,q+1
is the unique extremal graph. We achieve this by induction on n + t. Keep in mind that the proposed
extremal value f(n, t) = qt−r(q + 1)r strictly increases with n+ t.
Proof. Since the cases that n < t or t = 1 are trivial, without loss of generality, we assume that n ≥ t ≥ 2.
Case 1. r > 0. We start with the case that is more convenient to phrase and Case 2 will be easier
to understand.










|V −N(vi)| ≤ qt < qt+ r = n = |V |.
Hence
⋂t
i=1 N(vi) 6= ∅, i.e., every t vertices in G has a common neighbor. Thus any maximal clique is
larger than Kt, so that G has no t-maximal cliques, implying that this subcase needs not be considered
in order to maximize imaxt (G).
Subcase 1b. r > 0 and δ(G) ≤ n− q − 1. Choose a vertex v such that d(v) = δ(G) ≤ n− q − 1.
Let A be the set of t-maximal cliques in G which contains v, and B be the set of t-maximal cliques
in G which does not contain v.
Every t-maximal clique in B is a t-maximal clique of G − {v}. By induction hypothesis, as n− 1 =
qt+ r − 1, |B| ≤ qt−r+1(q + 1)r−1.
To calculate |A|, consider the subgraph of G induced by the neighbors of v. Every t-maximal clique
in A corresponds to a (t− 1)-maximal clique of G[N(v)]. As |V (G[N(v)])| ≤ n− q− 1 = qt+ r− q− 1 =
q(t− 1) + r − 1, inductively, |A| ≤ q(t−1)−(r−1)(q + 1)r−1 = qt−r(q + 1)r−1.
Therefore, the total number of t-maximal cliques in G is bounded by
|B|+ |A| ≤ qt−r+1(q + 1)r−1 + qt−r(q + 1)r−1 = qt−r(q + 1)r = f(n, t).
2
The above equality holds if and only if the following conditions are simultaneously met.
i). G − v is a t-cliques extremal graph of order n − 1. Inductively, this requires G − v = Tn−1,t =
Kq,··· ,q,q+1,··· ,q+1 with t− r + 1 partite sets of size q and r − 1 partite sets of size q + 1.
ii). d(v) = n − q − 1 = qt + r − q − 1 = q(t − r) + (q + 1)(r − 1) and G[N(v)] is a (t − 1)-cliques
extremal graph of order n − q − 1. This requires that G[N(v)] = Tn−q−1,t−1 = Kq,··· ,q,q+1,··· ,q+1 with
t− r partite sets of size q and r − 1 partite sets of size q + 1.
Putting i) and ii) together, clearly, the neighbors of v are precisely t− r of the total t− r+ 1 partite
sets of size q and r− 1 partite sets of size q+ 1 in G− v. Thus G = Tn,t is the unique extremal graph in
this case.
Case 2. r = 0, so that n = qt. The case r = 0 is similar to Case 1, with only slight differences in
the calculation.







(V −N(vi)) ≤ (q − 1)t < |V |,
they must have a common neighbor. Thus G has no t-maximal cliques.
Subcase 2b. r = 0 and δ(G) ≤ n− q. Choose a vertex v such that d(v) = δ(G) ≤ n− q.
Define A and B as in Case 1. As n− 1 = qt− 1 = (q− 1)t+ t− 1, by similar arguments, inductively,
|B| ≤ (q − 1)qt−1.
On the other hand, as |V (G[N(v)])| ≤ n− q = q(t− 1), by induction, we have |A| ≤ qt−1.
Thus the total number of t-maximal cliques in G is limited by
|B|+ |A| ≤ (q − 1)qt−1 + qt−1 = qt = f(n, t).
The above extremal value is achieved if and only if the following conditions are simultaneously met.
i). G− v is a t-cliques extremal graph of order n− 1. This means G− v = Tn−1,t = Kq,··· ,q,q−1 with
t− 1 partite sets of size q and 1 partite set of size q − 1.
ii). d(v) = n − q = q(t − 1) and G[N(v)] is a (t − 1)-cliques extremal graph of order n − q. This
requires that G[N(v)] = Tn−q,t−1 = Kq,··· ,q with t− 1 partite sets of size q.
Altogether, it is implied that G = Tn,t is the unique extremal graph in Case 2 as well.
✷
Remark 2.1 Theorem 1.1 says that the Turán graph Tn,t = Kq,··· ,q,q+1,··· ,q+1 is the unique extremal
graph of the complementary scenario. That is, Tn,t has the maximum number of maximal cliques of size
t. Equivalently, Tn,t = H = (t− r)Kq + rKq+1, disjoint union of t cliques of most possibly balanced sizes,
is the unique extremal graph that has the maximum number of maximal independent sets of size t.
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